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Abstract. Let E be a bordered Riemann surface with genus g and m bound- 
ary components. Let {7z}zgg5: be a smooth family of smooth Jordan curves in 
C which all contain the point in their interior. Then there exists a holomor- 
phic function /(z) on S smooth up to the boundary with at most 2g + m ~ 1 
zeros on S such that f{z) g 72 for every z g 9S. 



1. Introduction 

Let S be (the interior of) a bordered Riemann surface with genus g and m 
real analytic boundary components. In this paper we consider the existence of 
holomorphic solutions of a nonlinear Riemann-Hilbert problem for E. Let fc be a 
nonnegative integer and let < a < 1. We denote by C'^'"(9E) the Holder space 
of all real k times differentiable functions on the boundary whose derivatives of 
order k are Holder continuous of order a and we denote by A'=^"(S) the space of 
all holomorphic functions on S which are of class C*^'" on S. 

We will say that a family of simple closed curves {7z}zgs in C is a C^' (fc e N) 
family of Jordan curves if there exists a function p ^ C'' {dH x C) such that 

-fz = {w e C;p{z,w) = 0} 

and {dwp){z, w) ^ for every z S 9S and w ^ jz- We call p a defining function for 
the family {jzjzed^- 

Theorem 1.1. Let T, be a bordered Riemann surface with genus g and m real 
analytic boundary components. Let {7z}zeas be a C'''^^ (fc > 3) family of Jordan 
curves in C which all contain the point in their interior. Then there exists a 
holomorphic function f S ^'^'"(S) with at most 2g + m — 1 zeros on S such that 
f{z) S 7z for every z £ 9E. 

The interior of a simple closed curve 7 C C is the bounded component of C \ 7. 

Corollary 1.2. Let V > be a divisor of finite degree on S. Then there exists 
a solution f G A'^'"(I]) of the Riemann-Hilbert problem for {jzyzedT, such that 
if) ^ 2? and that the degree of the divisor (/) is at most deg(P) + 2g + m — 1. 

In the disc case (S = A) results of this type were first proved by Snirclman, 
|3l| , and later by Forstneric, in a different context. For planar domains the 
result, without the bound on the number of the zeros, was proved by Begehr and 
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Efendiev in [||. Linear Riemann-Hilbert problem for bordered Riemann surfaces 
was considered by Koppelman in |22[|. For other results on the existence of solutions 



for planar domains one should see |1^, |25|, |3j] and the references therein. 
Let 

T= U ({z}x7,). 

zeds 

Then T is the union of m totally real tori in 9S x C and the existence of a solution 
of the Riemann-Hilbert problem for {'yz}zedi: is equivalent to the existence of a 
holomorphic function / £ A'^'"(S) whose graph is attached to T, that is, {z, f{z)) £ 
T for every z G Results on the existence of large analytic discs attached 

to certain manifolds can be found in |l6[ H, |6[ ||. Results on small 



holomorphic perturbations of a given analytic object along maximal real manifolds 
are given in [| IJ, |l^, ^, 

There is also a strong connection of the solutions of the Riemann-Hilbert problem 
to the description of the polynomial hull of a compact set K fibered over 9A, 
|ll 0, |, 11, H, 1^, H, 1^, H, H, 1^, |8). Recall that the polynomial hull K of 
a compact set K C C" is defined as 

K — {z ^ C" ; \p{z)\ < nmx \p\ for every polynomial p u\ n variables} 

and that by the maximum principle every analytic variety whose boundary lies in 
K belongs to the polynomial hull K of K . 

Corollary 1.3. Let ao, • • . , fln-i be holomorphic functions on the disc A which are 
smooth up to the boundary. Let 

V = {(z, w) e A X C; -f a„_i(z)u;"-i + • • ■ + ao(z) = 0} 

be an n-sheeted analytic variety over A such that for each z G dA there are exactly 
n different points in {z} x C which belong to dV. Let {'Jp}pedV be a C''^^ [k > 
3) family of Jordan curves in C such that each "fp contains the point w{p), p = 
{z{p),w{p)), in its interior. Then there exists an n-sheeted analytic variety Vq over 
A whose boundary is contained in 

U (Mp)} X >)■ 

p={z{p) ,w{py)£dV 

The main theorem has an application to embedding finitely connected planar 
domains into convex domains in C" {n > 2). See |9[ ^ for embeddings into C^. 

Corollary 1.4. Let be a smoothly bounded convex domain in C" (n > 2) and 

let D be a bounded finitely connected planar domain with smooth boundary. Then 
there exists a holomorphic embedding of D into Q. 

The paper is organized as follows. In Section ^ the proofs of the main theorem 
and corollaries are given. In Section ^ a special case where {"jz} zed's are circles 
centered at and E is a planar domain is considered more closely. Finally in the 
Appendix some technical results needed in our arguments are proved. 

2. The Riemann-Hilbert problem 

Our first proposition claims that if there is a solution of the Riemann-Hilbert 
problem, then there is also one which has at most 2g + m — 1 zeros on E. The idea 
of the proof is the fact that the family of solutions of the Riemann-Hilbert problem 
with more than 2g + m — 1 zeros is not compact in the space A'^'°'{Y.). 
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Proposition 2.1. // there exists a solution f G ^''''"(E) of the Riemann-Hilhert 
problem for {7z}zeas7 then there exists a solution with at most 2g + m — 1 zeros. 

Proof. Every solution / G of the Riemann-Hilbert problem for {"fz}zedT. 

has finitely many zeros on E. Let N be the minimal number of zeros counting 
algebraically of a solution of the Riemann-Hilbert problem and let /o G A^'°'{Y?) be 
a solution with the minimal number of zeros. Let J- be the family of all solutions 
/ e y4'='"(E) of the Riemann-Hilbert problem such that / : QE ^ C \ {0} is 
homotopic to /o : i9E — > C \ {0}, that is, / and /o have the same winding number 
over each boundary component of E (we orient the boundary 9E coherently with 
the natural orientation on E). The number of zeros of a function / e ^'^'"(E) which 
is nonzero on 9E equals the winding number of / along 9E. Hence each f ^ T has 
the same number of zeros counting algebraically. 

Let T — Uzgas({^} X7z)- Manifold T is a finite union of maximal real tori in 9E x 
C. By Lemma |4.2| in the Appendix there exists a C^'^^ strongly plurisubharmonic 
function u on E x C such that T is Lagrangian for the symplectic form to — iddv 
and that the w-area of any disc {z} x 7^ (z G 9E) is 1. Then, by the Stokes' 
theorem, all the graphs of the functions in J- have w-area equal to A'^ -|- a, where a 
is a constant which depends only on T and lu. 

Using Gromov's compactness theorem (see |2^, Q or Q), the family T is 
compact. Namely, if {/«} C is a sequence, then there exists a subsequence 
{fuj}, a finite set T C dT, and a holomorphic function f^o £ ^'^'"(E) such that /oo 
is a solution of the Riemann-Hilbert problem and the sequence {/„j } converges to 
/oo in the C*^'" sense on the compact subsets of E \ F. Also, at the points p G T 
holomorphic bubbles appear 

^p:(A,9A)->(Int(7p),7p) (p G L) 

and the sum of the w-area of the graph of /oo and the w-areas of the bubbles ipz, 
z G r, equals the w-areas of the graphs of fn - 's. Hence 

the number of zeros of foe + card T = the number of zeros of f„j = N. 

Since N is the minimal number of zeros of a solution of the Riemann-Hilbert prob- 
lem on E, we conclude that F is empty and therefore .F is a compact subset of 
A'='"(E). 

Let d be a distance-metric on E induced from a Riemannian metric on E. For 
each f € !F let Zf CY] denote the set of its zeros. We define 

(j(f) — d{Zf,dJ^) (the distance of Zf from 9E) and a = inf (t(/). 

f 

Then there exists a sequence {fn} ^ such that lim„^oo o'(/ii) = cr. Let {fnj} 
be a subsequence which converges in the C'^'" sense on E to a function foe G ^ 
(compactness!). Since cr(/oo) > and since every function from J- has the same 
number of zeros counting algebraically we get cr(/oo) = u > 0. 
Let p be a C'^^^ defining function for {7z}zeas- The map 

* : A^'"{J:) — > Ci'"((9E) 

(vI/(/))(z) = p(z,/(z)) 

is (twice) differentiable, and its derivative at a function / G A^'"(E) is 

{D^{f)h){z) = 2Re((a^p)(z, f{z))h{z)). 



4 



MIRAN CERNE 



Let / be a solution of the Riemann-Hilbert problem and let n be the winding 
number of the nonzero function {dwp){z, f{z)) on 9S. Geometric assumptions on 
the family {jzyzedT. imply that k equals the winding number of / on 9E and hence 
the number of its zeros. The linear operator D^(f) is a Fredholm operator of index 
2k — {2g + m — 2) and it has no cokernel ii k > 2g + m — 1, p^. Therefore the 
implicit function theorem in Banach spaces shows (see also |1C|]) that in the case 
N > 2g + m — 1 the family ^ is M = 2N — {2g + m — 2) dimensional submanifold 
of Using a theorem of Cirka, we may even conclude that is an M 

dimensional submanifold of y4.'^'"(S). 

Let us now assume that N > 2g + m. Let fo E T and zq £ S be such that 
fo{zo) = and a = d{zo,dT,). Let f{-,p) be a local parametrization of T 
with the space V = R"^ such that /(■,0) = fo- The derivative {Dpf){-,0) is an 
isomorphism from V into the tanget space of J- at the point fo, that is, for every 
p G V we have 

Re{7M7} {Dpf)iz,0)p) ^0 (zed^), 

where a{z) = {d^p){z, fo{z)). 

We define the mapping ^lExT'^ExCby ^iz,p) = (z, f{z,p)). We will 
show that $ is a submersion in a neighbourhood of (zq, 0) G S x 7^. Hence for each 
point z close enough to zq the equation <I>(z,p) = (z, 0) has a solution p{z) and this 
contradicts the fact that zg is a zero of a function from J- which is the nearest to 
the boundary 9E. Therefore N < 2g + m — 1. 

To prove that $ is a submersion in a neighbourhood of (zq, 0) we have to prove 
that the derivative (D<i>)(zo,0) : T^^S x V ^zo^ x C is surjective. For this it is 
enough to prove that the partial derivative (Dp/)(zo,0) : ^ C is surjective. 

Let us assume that the image of (Dp/)(zo,0) is either or 1 dimensional. In 
either case its image lies in a line in R^, that is, there exists a nonzero complex 
number ao such that 

Re(a^(Dp/)(zo,0)p) = 

for every p S "P. We may assume, without loss of generality, that ao = i. 

Let hj{z) — {Dpf){z,0)ej, where ej [j ~ 1, . . . , Af) is a basis of the space V. 
Then hj{zo) E K for each j and hence there is another basis ej {j = 1, . . . ,M) 
of the space V such that for hj{z) ~ {Dpf){z,0)ej we have /ij(zo) ~ for every 
j = l,...,M-l. 

We know that every {Dpf){z,0)p is a solution of the homogeneous Riemann- 
Hilbert problem 

Re(^ {Dpf )iz, 0)p) = (z e as). 

Hence 

Rc(^ hj{z)) = 

for every z S 9S and j — 1, . . . , M. Let 5 be a function from A'^'"(E) such that 
it has the only simple zero on E at the point zq. Thus hj{z) ~ g(z) gj{z) for some 
gj e A'''"{'S) and j — 1, . . . , M — 1. Also, since hj, j = 1, . . . , M — 1, are linearly 
independent, so are the functions gj, j ~ 1, . . . , M — 1. Therefore 

Reia{z)g{z)gj{z)) = 

for every z S 5E and j = 1, . . . , i\f — 1. Let us define 



b{z) = a(z)5(z) 
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for z E dY.. Then 6 is a nonzero function on 91] of class C*^ and its winding number 
on dH is 

W{b) = W{a) ~ W{g) = W{a) - 1 = N - 1. 
Hence W{b) > 2g + m ~ 1 and the space of solutions of the linear homogeneous 
Riemann-Hilbert problem Re{b{z) h{z)) = is 2{N - 1) - (2.g + m - 2) = M - 
2 dimensional, [^2| . Therefore the functions gj, j = 1 , . . . , Af — 1 are linearly 
dependent, which is a contradiction. □ 

Remark 2.2. The above proof shows that in the case the minimal number of zeros 
of a solution of the Riemann-Hilbert problem on E is 2(7 + to — 1, then the set of 
solutions with the minimal number of zeros is a closed submanifold in the space 



A '"(E) of dimension 2g + to. See also Example 3.2 



The idea of the proof of the main theorem is the observation by Begehr and 
Efendiev, , that one can use solutions of the Riemann-Hilbert problem on the disc 
to get a very good approximate solutions of the original Riemann-Hilbert problem. 
Namely, for each boundary component F of S one can get a holomorphic function 
on its neighbourhood in S (an annulus) such that this function solves the Riemann- 
Hilbert problem on F and it is uniformly close to away from F. All these functions 
are then extended to S so that their d derivatives are very small. Using solutions 
of the d equation on S we get a holomorphic function on E whose boundary values 
almost solve the original Riemann-Hilbert problem. Finally we use the following 
theorem from to complete the proof. 

Theorem 2.3 (Begehr- Efendiev). Let X and Y be Banach spaces. Let A : X ^ Y 
be a continuous mapping, Frechet differentiable in a neighbourhood of xo G X. 
Assume that {DA)(xo) has a bounded right inverse B(xo) with the norm lui > 0. 
Also, let 0)2 > be such that the derivative {DA){x) satisfies a Lipschitz condition 

\\iDA){xi) - {DA){X2)\\ < io^Wxi - X2II 

for Xi,X2 in a neighbourhood of Xq. Finally, let lo^>Q he such that 

Auji{loi + 1){l02 + l)t^3 < 1- 

Then for every y E Y such that \\A{xo) — y\\ < 103 there exists a solution of the 
equation A{x) — y. 



Proof. (Theorem Fl) Let p G C''~^^{d'E, x C) be a defining function for {jz}z£d's 
and let Fi,. . . ,F.,„ denote the boundary components of E. Let Ai, . . . , Am be pair- 
wise disjoint annuli in E with real analytic boundaries such that Tj C dAj is one 
boundary component of Aj (j = 1, . . . , to). For j = 1, . . . , to there exists < < 1 
and an up to the boundary real analytic biholomorphism 



:(A(0,l)\A(0,r,),9A)-^(A„F,) 
Now we can solve the Riemann-Hilbert problem for A(0, 1) and {'y^j(z)}zedA{o.i) 



as the boundary data, Even more, the proof in [g^ (see Lemma 4.7 in the 

Appendix) implies that there exists an integer I such that for any n E N and any 
compact subset A(0, g) C A(0, 1) (0 < q < 1) there exists a solution /„j of the 
Riemann-Hilbert problem on A with the winding number W{fnj) = n and such 
that 

ll/nilUi.°(A(0,l)) ^ C*"' ||/nilUi-°(A(0,9)) < Cu'q'^'^ 

for some finite positive constant C which does not depend on n and j. 
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Let max{ri, . . . , Vm} < q < 1 and let Kj — $j(A(0, q) \ A(0, Vj)) be a compact 
subset of Aj \ rj, {j = 1 , . . . , m) . Then there exists a sequence of holomorphic 
functions fnj — fnj ° on Aj such that fnj{z) S 7z for each z G Fj, the winding 
number of fnj along Tj is n, and 

(1) ||/n,|Ui.= (A,) <C7i' and \\fnj\\c^.^iK,)<Cn'q" 

for some constant C < oo which does not depend on n and j. 

Let X be a smooth function on E, < x <i 1, such that x = 1 on a neighbourhood 
of U'jLi{Aj \ Kj) and such that the support of x is contained in U™^i{Aj UTj). For 
each n S N we define /„ : S — > C as 

m 

/" " ^ ] X fnj ■ 

i=i 

Then 

l!/n||ci.= (S) < Cn' and |15/„|lc^(s) < Cy^'g". 
Therefore there exists a solution m„ on S of the equation dun — dfn such that 
||wn||ci'°(s) ^ Cn^q^ for some universal constant C, Hence for the func- 

tions hn — fn ~ Un ^ v4^'"(I]) wc have 

||p(z, /i„(z))||ci.= (as) <Cn3'g". 



See Lemma 4.10 in the Appendix. 

We want to use Theorem Let us observe the twice differentiable map : 
C^'"(aS) defined as (^'(/))(z) = p(z, /(z)). The arguments above show 
that the initial error for ^E* at the point is oj^ — C'n?^q"' . Now we have to find an 
estimate of the norm of a right inverse of the derivative of ^E* at the points ft.„ and 
an estimate on the derivative's Lipschitz constant near /?,„. 

The derivative of 4* at hn is of the form 

{^n{h)){z) = 2-Re{{d^,p){z,K{z))h{z)). 

We define 

(vI/„(/i))(z) = 2-Re{{d^p){z,Uz))h{z)) 



a linear mapping from ^^'"(E) into C^'"(9E). Then from Lemma 4.4 we get 
||*;.|| < n{d^p){z, /„W)||i,a < C (||/„||?_„ + 1) < Cn^' 

and 

ll^-,. - ^n\\ < 2\\{d^p)(z, K{z)) - (a^p)(z,/„(z))|li,„ < 
< C (||/„||?^„ + \\K - ./nllL + 1) \\hn - ./nlll.o < Cn^'g" 

as in the proof of Lemma 4.1C in the Appendix. Hence, if we can find a right inverse 
Bn of such that < Cn'i for some fixed € N and C > 0, then 

is a right inverse of such that ||i?„|| < Cn'^ for n large enough. 

Let g G C^ '"(9 S). Using solutions of the linear Riemann-Hilbert problem on the 
disc, Lemma [4.9| , we find, similarly as in (|^), that there exist /i G N and a finite 
constant C such that for each boundary component Vj C (9S, j = 1, . . . , m, there 
is a holomorphic function Hnj (g) on with the properties 

l|i?n,(ff)|Ui.=(A,) < C n'^ llfflli,,, ||iJ„,(g)|Ui,<.(^^.) < Cn'i g" 
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and 2Ke{{dwp)iz, fn{z)) Hnjig)) = g on Tj. The construction of the functions 
Hnj{g) is hnear in g, Lemma |4.9| . 

We define Hn{g) — X^Jli X^njig) and observe that 

\\Hn{g)\\i.c.<Cn''\\g\\i^^ and < Cn'^ g" 

Let Tq : C"(S) — > C^^"(S) be an operator which gives a solution of the d- 
equation OTqu = u such that ||Tou||i,q < C|ju||a for some positive constant C and 
every u e C"(E), ||, |3|. Let us define 

B;,g^HM~ToidHjg)). 

Then i3„ is a linear operator from C^'"(9S) into A^'"(S) with the norm 

and 

%,B^,g = g- %,To(dH,,{g)) = 5 - E^{g) 

where H-Enll < Cn^'+'i (the operator \I>„ can be naturally extended to the space 
C^'"(S) with the same norm estimate). Hence i3„ = Bn{I — En)^^ is a left inverse 
of 'i'n such that its norm is bounded by Cn}^ for some universal constant C. 

At the end we estimate the Lipschitz constant for the derivative 0"$ of the 
mapping 5* near the point /i„. Here we need that p is at least of class C^. Let /o 
and /i be two functions such that ||/o — /in||i.Q < 1 and ||/i — /i„||i,q < 1. Then, 
as in the proof of Lemma 4.1C , we get 

\mifi) - D^{fo)\\ < 2\\{d^p){z,h{z)) - (9^p)(z,/o(z))||i,„ < 

< 211/1 -/o||i,a sup \\{D'p){z,th + {\-t)h)\W< 
te[04] 

< C(|!/J„||?,„ + 1) ll/l - /olll.a < CT?'\\h - /o||l,a. 

Hence we have oji = uji = Cn^\ UJ3 = Cn^^q^^ and for n large enough the 

product 4:UJi{uJi + l){uj2 + l)w3 is arbitrarily small. Therefore by Theorem |2.3| there 
exists a solution / e A^'°'{I]) of the Riemann-Hilbert problem and by jj] we have 



An immediate corollary of Theorem 1.1 is 

Corollary 2.4. Let F be a continuous function on E which is holomorphic on S. 
Let {7z}zess he a C^^^ (k > 3) family of Jordan curves in C such that for each 
z G d'E the point F{z) lies in the interior of 7^ . Then there exists a holomorphic 
function f G A^''^{Yj) such that f{z) G 7^ for every z G 9S. 

Now we give the proofs of corollaries stated in introduction. 



Proof. (CorroUary 1.2) Let g G A^'^^{Yi) be a holomorphic function such that {g) = 
T) and g{z) ^ for every z G 92. We define a new C^^^ family of Jordan curves 
in C enclosing the point by 

Iz = {z G dE). 

Then there exists a function / G A^'°'{Yj) such that f{z) G 7z for every z G 
and such that / has at most 2g + m — \ zeros on S. Hence f{z) = g{z)f{z) is the 
required function. □ 
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Proof. (Corollary 1.3) Without loss of generality we may assume that ao, . . . , a„_i 
are polynomials and that V is an embedded bordered Riemann surface E in A x C. 
If not, we can uniformly on A approximate functions aj (j = 0, . . . ,n — 1) with 
polynomials (which we still denote by aj) and replace V by the solution of the 
equation 

w"- + an-iiz)w"~^ H h ao{z) = a, 

where a is in absolute value small regular value of the function P{z,w) = + 
a„-i(2:)w"^"^ + • • • + ao{z). Let 

$ = (/,5):I]~>Fn(AxC) 
be a biholomorphism which is smooth up to the boundary. For each p € let 

7p = 7$(p) -5(p)- 

Then {7p}pGas is a C*^^^ family of Jordan curves in C such that jp contains the 
point in its interior. Hence there is a holomorphic function h € A'^'"(E) such 
that h{p) e 7p for every p e dT,. We define Vq as the image of the proper mapping 
P if{p),9{p) + Hp)) from E into A x C. □ 



Proof. (Corollary 1.4) Without loss of generality we may assume n = 2 and that 
D X {0} C n. Then {z} x C intersects dft transversally for every z G dD and hence 
72 = ({^} X C) n9il, z G dD, is a smooth family of smooth Jordan curves in C which 
all contain in their interior. By Theorem there exists a holomorphic function 
/ : D — > C smooth up to the boundary such that f{z) € 72 for each z G dD. The 
mapping z i-^ (z, f{z)) gives a holomorphic embedding of Z) into fJ. □ 

3. Example 

The starting point for our next observation was the simplest nontrivial possible 
case one can try to solve directly by computations: 7z are circles centered at 0. Our 
computations lead to the following result which is a kind of an inversion problem 
result for planar domains, e.g. p. 281]. 

Let Z? be a bounded finitely connected planar domain with smooth boundary. Let 
Fq, . . . , Fm be its boundary components, where Fq is the boundary of the unbounded 
component of C \ D. Let hi, ... , hm be harmonic functions on D smooth up to the 
boundary such that hj = 1 on Tj and hj = on other boundary components. We 
denote by iJ"' the product of m copies of D and by T™ the m torus x ■ ■ ■ x 
{m factors), where = R/Z. 

Proposition 3.1. The maping $ : £)'" — > T™ defined by 

rn m 

^{zi,...,Zm) = C^hi{zj), . . . ,^hm{zj)) mod Z 

is surjective. 

Proof. Without loss of generality we may assume that 

m 

D = A\[jA{a„r,) 

j=i 

where \aj\ + r j < 1 for every j = 1, . . . , m and \aj — at\ > rj + rt for every j ^ t. 
Let R{z) be any (7*^+^ (fc > 3) positive function on dD. We know that there is 
/ e A'''"{D) such that \f{z)\ — R{z) for every z £ dD and such that it has at most 
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m zeros on D. Let zi, . . . , zm [M < m) be the zeros of / and let kj (j = 1, . . . , m) 
be the winding number of / along Tj — dA{aj, Tj) oriented coherently to A(aj, rj). 
Then / is of the form 

f{z) = (2 - 2i) . . . (z - zm){z ~ a^f' ...{z~ a„)'='"e^(^) 

for some F € 

Let un be the harmonic function on D such that uj^ — log R on dD and let uj 
(j = 1, . . . , M) be the harmonic function on D such that Uj(z) — — log \z — Zj\ on 
dD. Hence 

M m 

Re{F{z)) = ur{z) + uj{z) - ^ kj log \z - aj\ 

on D. 

Since F is holomorphic on D, for u = Rc(i^) we have 
(2) / ^ds = 

for every p = 1, . . . ,m. Here, Tp = dA{ap,rp) is oriented coherently to A{ap,rp) 
and n is the outer unit normal to dA{ap,rp). We know that 

aiog|z - aj[^^ _ / 27r ; p = j 



dn \ ; PJ^j ' 

Let G{z, w) be the Green's function for D. Then we observe that 



1 

and hence 



= 7r-iuj{z) + log |z - Zj\ 



on on on 

Jr, dn 

for every p = 1, . . . , m and j = 1, . . . , M. 
This calculation and (§) give 

(3) / ^c^s = X] ^p(^j) + 

for every p = 1, . . . , to. Since R is an arbitrary positive C'^'^^ (fc > 3) function, uu 
is an arbitrary real (7*"'+^ function on and the left hand sides of (||) are arbitrary 
real numbers. Indeed, let Ai, . . . , Am be real constants such that 

for all C''^^{D) functions u which are harmonic on D. Then we get by the Green's 
identity that 



JdD Cn 
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for every such u (here n is the outer unit normal to dD). Therefore 

^-^ on 

p=i 

on dD and hence the harmonic function h = X^pLi '^p^p is constant by the Hopf 's 
lemma. Since h — on Tq we get that Ai = A2 = ■ • • = A,„ = and the left hand 
sides of are arbitrary real numbers. Therefore we get surjectivity (in the case 
M < m, points zm+i, • ■ • , are chosen from Fq). □ 



Example 3.2. Complete computations can be carried over for an annulus A{q, 1) 

hi{z) 



A(0, 1) \ A(0, q). In this case 

log(l^l) 



log(g) 

and hi obviously takes all the values from the interval [0, 1]. Then the equation (||) 



IS 

(4) _L|^,..f;w.,) + *, 

and we can easily get a solution of the Riemann-Hilbert problem with either 1 (the 
left hand side of (^ is not an integer) or no zeros (the left hand side of (Q) is 
an integer). Observe also, that there is always a solution of the Riemann-Hilbert 
problem with 2 zeros. Finally we observe that local 'pushing' of solutions of the 
Riemann-Hilbert problem using the implicit function theorem in general has to lead 
to a situation in which the index of the problem is such that no further direct use 
of the implicit function theorem is possible. 

4. Appendix 

In the appendix we give proofs of some technical results needed in our arguments. 

Lemma 4.1. Let T he a finite disjoint union of (k > 2) maximal real tori in 
OA X C. Then for each point {zo,wo) G (9A x C) \ T there exists a polynomial 
P such that P{zq,wo) = and that the intersection of its zero set V = {{z,w) S 
C'^; P{z,w) — 0} with dA x C is a smooth simple closed curve which does not 
intersect T. In particular T is a rationally convex subset of . 

Proof. If r is a maximal real torus in dA x C such that each fiber Tfl ({z} x C) has 
only one connected component, then for each point [zq^wq) € (dA x C) \ T there 
exists a smooth closed curve z i-^ (z, w{z)) (a mapping from OA into dA x C) such 
that {z,w{z)) € (dA x C)\T for every z g i9A and w{zo) = wq- Approximating 
the smooth function w{z) uniformly on dA by Fourier series we may assume 

j = -N 

for some holomorphic polynomial p{z). We define P{z,w) = z^w — p{z). Similar 
argument works in the case T = if^^^^Tj is a finite disjoint union of maximal real 
tori Tj in dA x C such that each component Tj has connected fibers. 

Let now T be a maximal real torus in dA x C such that each fiber Tn ({2;} x C) 
has k connected components. Let $(2:, w) = {z^,w) be a proper polynomial map 
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from A X C into itself. Then the preimage ^(T) is a disjoint union of k maximal 
real tori in dA x C such that each component of <l>^^(r) has connected fibers. 

Let {zo,wo) e (9A x C) \ T and let {zi,wi) e $^^(zo,t«o)- Then (zi,wi) e 
(9A X C) \ $~^(T) and we can find a polynomial Q{z,w) — z^w — q{z) such 
that its zero set V passes through {zi,wi) and it intersects OA x C in a smooth 
simple closed curve which does not intersect $~^(T). The variety ^{V) passes 
through the point (zq, wq) and is the zero set of a polynomial P{z,w). Also, ^{V) 
intersects OA x C in a smooth simple closed curve which does not intersect T. 
Similar argument works in the case ^{z,w) = {z^^,w). 

The general case can be treated similarly as the previous one. For each connected 
component Tq of T let fco be the number of connected components in its fibers. We 
'pull-back' the manifold T with the map $(z, w) = {z'', w) where k is the product 
of the numbers kg. The rest is as in the previous paragraph. □ 

From the work of Duval, , we get the following lemma. 

Lemma 4.2. Let {7z}zeaE be a (fc > 2) family of Jordan curves in C which 
all contain the point in their interior and let 

r= U ({z}x7z) 

he a disjoint union of totally real tori in dYi x C. Then there exists a strongly 
plurisubharmonic function w on S x C such that T is Lagrangian for the symplectic 
form Lu — iddv. In addition, we can arrange that the Lu-area of any disc {z} x 7^ 
is 1. 

Remark 4.3. One may always consider E as a subset of some larger open Riemann 
surface Si. A function w is a C*^ strongly plurisubharmonic function on S x C if it 
is such on an open neighbourhood of S x C in Ei x C. 

Proof. Let / : E — > A be a nonconstant holomorphic function, smooth up to the 
boundary, such that \f{z)\ = 1 for every z G dT,, and let 5 be a holomorphic 
function on E, smooth up to the boundary, such that the mapping z 1-^ (f{z),g{z)) 
from E into A x C is an immersion which is injective on 9E, pO| . 

We observe the mapping $:ExC^AxC defined as <i>(z, w) = {f{z),g{z) + w). 
We may assume that the mapping $ is injective on T. If not, replace g with Rg, 
for some R> large enough. 

The totally real manifold <i>(T) is a subset of i9A x C and it is rationally convex. 



Lemma 4.1. Using the result of Duval, ||11|, there exists a strongly plurisubharmonic 
function u on such that <i>(T) is Lagrangian for the symplectic form $7 = iddu. In 
a neighbourhood of $(r) function u can be defined a,s u{z,w) — — l)^-|-p(z, w)^, 
where p is a defining function for $(T). In addition, we may assume that outside 
some large ball u{z,w) = A(|zp + for some A > 0. 

From the Stokes' theorem it follows that for any connected component Tg of ^(T) 
is the f2-area of any component of its fibers Tq n {{z} x C), z G dA, a constant 
which depends only on Tq. We may assume that all these constants, which could 
be different for different components Tq, are smaller than 1 (multiplay u with a 
suitable positive constant). 

Let P{z, w) be a polynomial such that the intersection of its zero set with dA x C 
is a smooth curve contained in the bounded component of (9A x C) \ To (Lemma 



4.1). Let a > be so small that the intersections of all level sets P{z,w) — c. 
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|c| < a, with 9A x C are still contained in the bounded component of {dA x C) \To. 

Let (/? be a smooth nonncgative function on R such that its support lies in [—a^, a^]. 
We observe the (1,1) nonnegative closed form 

„ = i^dPl"^) dP AdP 

on whose support is contained in a neighbourhood of the zero set of P. The 
pull-back of 1/ to {2:0} X C is 

i(p{\P{zo,w)\'^) \P^{zo,w)\'^dw Adw. 

Since P is not identically equal to on any vertical line {z} x C, z G dA, the 
derivative Pw{zo,'w) can be zero only at finite number of points w. Therefore we 
can find a suitable function <f such that the (O + z/)-area of any component of 
the fibers of To is equal to 1. This procedure can be done independently for any 
connected component of $(T). 

Since fl + visa. positive (1,1) closed form on C^, there exists a strongly plurisub- 
harmonic function ui such that + z/ = iddui. We may assume that outside some 
ball U\ equals a positive multiple of |zp + In addition, $(T) is a Lagrangian 
submanifold for Q, + v and the (O + z^)-area of any component of its fibers is 1. 

Let C = {zi, . . . , Zfc} be a finite set of points on S where df = 0. Then vi — ui 0$ 
is a strongly plurisubharmonic function on (S \C) x C and Vi^jw > on S x C. Let 
X be a smooth nonnegative function on E whose support is contained in some small 
neighbourhood of the set C and which equals 1 in some smaller neighbourhood of 
C. Finally we define v = Vi + exlg]"^ and function v has all the required properties 
if e is chosen small enough. □ 

Now we give the necessary apriori estimates for approximate solutions of the 
Riemann-Hilbert problem. We are working on A and with a (7'^+^ (fc > 3) family 
of Jordan curves {'yz}zedA in C such that the point is in the interior of each 
of them. In what follows C will denote a universal constant which depends only 

on the data. Also, we will use the fact that the Hilbert transform is a bounded 
linear operator on the Sobolev spaces W'''P{dA), 1 < p < 00, and Holder spaces 

c"='"(aA). 

Lemma 4.4. Let cp be a C"^ function on dA x C and let {fn}^=i be a uniformly 
bounded sequence of C^'" functions on dA: 

ll/nlloo < ii< 00. 

Then there exists a constant C which depends on the norm ofip on OA x A(0, R) 
such that 

Mz,fn{z))\\a<C{\\fn\U + '^), 

and 

Mz,fn{z))h,^<C{\\fX,c. + ^)- 

Remark 4.5. For the first inequality it is enough to assume that is a function. 

Proof. We denote i p{e,w) : = ^(e^^w;) and /„(6») := /„(e*^). Let M be the 
norm of (p on i9A x A(0, R). Then 

\^{e,f,,{e))-^{y,f,,{v))\ < 

< Hd, fn{0)) - ^{y, fnm\ + |V'(^, fn{e)) " ^{v, fn{l^))\ < 

<M{\e-u\ + \fr,{e)-fn{u)\) 
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by Lagrange theorem. So 

Mejn{e))\\a<c{\\f„\\a + i). 

Using this inequahty for partial derivatives dep and D^p we get 

<M + \\{de^){0jn{e))\\a + \\{D^:v){e,.U0))L < 

< M + C(||/„|U + 1) + C(||/„L + 1) ll/«lli,a < CiWfJl^ + 1). 

□ 

Remark 4.6. In general one can get an estimate 

\Me,fnm\k,c.<c{\\fJl-%' + i). 

In the next lemma we closely analyze the proof of Forstneric in []l6| . 

Lemma 4.7. There exist a finite positive constant C and a positive integer I such 
that for each rt G N and < q < 1 there is a solution fn of the Riemann-Hilbert 
problem on the disc with the winding number n and such that 

ll/«IUi-"(A(0,l)) ^ C"^' a,nd ||/n|Ui.°(A(0,g)) < C'"-''?""^- 

Proof. Let p(e'^, w) = p{d, w) be a C'^^^ defining function for {7z}zeaA- We define 

Pn{0,w)^p{6,e'"'w) 

and 

7? = {ii'eC;p„(0,«;)=O} = ^7. 

where z = e*^. Then there exist universal constants < r < R < oo such that 
A(0,r) C7;'C A(q,i?). 

Let v{6^w) — {dwp){d,w) be the normal to 7^ {z = e'^) at the point w and 
rjiOjW) = wi'{6^w). Similarly we define yn{0,w) and r]n{9,w) for pn- Then 

i^niO, w) = i^{d, e™''u')e~"'' and r]n{0, w) = r]{9, e"''w). 

Geometric assumptions on {jz}zedA imply that there exist well defined real C'^'^^ 
functions a and b on T = L}zedA{z} x 7^ such that 

Hence 

where an{0,w) = a(6',e"*w) and 6„(6l,w) = b{e,e"'^w). 

Let hn = e^" be a solution of the Riemann-Hilbert problem for T„ with no zeros 
on A. We know, Q, that hn is of class C*"''" on A for each < a < 1. We have the 
following immediate apriori uniform estimates: 

||/jn||A<i?, ||a„||T„ < ||a||T, ||fe„||T„ < ||6||t. 

Also, 

(5) {dePn){0, w) = idep){e, e™'w) + 2Re{iyn{e,w)inw) 

and so 

\\{depn){0,hn{9))\\aA < \\p\\c\t) + 2nR\\p\\c^T) < Cn 
for some universal constant C. Here we used the notation hn{9) = /i„(e'^). 
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We differentiate the equation 
witli respect to 9 to get 

f)h 

idePn){e,K{9)) + 2Reii^ni9,hn{e)) = 

and so 

oO 

wfiere bn{6) is the Hilbert transform of bn jd, hn{9)) with the value at 0. 

Let 2 < p < OO. As it is proved in on pages 881-882 we can write h = 
Re(g) + b' so that p ||6'||t < f and g is a function of the form 

0<fc<fco -~jo<j<jo 

Then by a classical estimate p. 114] we have 

\\e^''\\p<Cip) 

for some universal constant C{p) which depends only on p. Also, the operator Rq 
which assigns to each / £ C{dA) the harmonic conjugate of Re(g(0, /(e*^))) is a 
bounded nonlinear operator from A{dA) into C{dA). 

Thus we have the estimate p ||6JJ|t„ < f for b'^{9, w) — b'{9, e™^w), and hence 

\\e^^r><C{p). 

We still have to estimate i?q(z"/i„(z)). Since the family of holomorphic functions 
z^hniz) is uniformly bounded and since the operator Rq is a bounded operator 
from A{dA) into C(9A) we get a uniform bound on the harmonic conjugates of 
Re{q{9, e™''/i„(e'''))). Therefore 

||e±^"||p= ||e±«'(-"''"«)e±^I|p<C(p). 
Now we can estimate the righthand side of (|^) in norm 

and, since the Hilbert transform is bounded in spaces (1 < p < oo), we get 



Also, since 
we get 
and so 



— h — h e^n-ib„ ^9n -b„+ib„ 

89 ~ " d9 " " 89 



l|/in||i.| <C(p)n 

for every n. Using the embedding of the space W^i'5(aA) into the space C"(9A) 



for a = 1 - I e (0, 1) we get 



\\hn\U<C{a)n. 
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Now we estimate the derivatives 



<c{p)\K\\i,p<c{p)\Kh,p. 

Since ^(6„(6', /i„(6l))) equals 

{deb){0, e'^%n{0)) + 2Re{{d^b){e, e™^/i„(0)) (e"^^(0) + me™^/i„(0))) 
we get 

\\bn\\i,p<C{p)n 

and so HfenlU < C{a)n and 

||e±^~ii.| <C(p)n and \\e^^^\\a < C{a) n (a = 1 - -). 
Now we can work by induction. From we get 

and hence, using (|^) and Lemma 4.4, 

Since 

||^IU<||/^.|U||e^"-^"|U||^e-^~"+■'^"|U, 

we get 

||/ln|ll,a < CtI^. 

Finally we define /„(z) = 2"/i„(z). Then 

ll/«IUi.=(A(04)) ^ C'n" and ||/„|Ui.°(A(o,g)) < C'"" 9""^ 

for any n G N and < g < 1. □ 

Remark 4.8. It can be shown by induction that for each fixed fc G N and < a < 1 
the norms of ||/in||fc,Q increase as some fixed power of n. 

Lemma 4.9. There exist constants C > and £ N such that the linear operator 
¥n : Ai'"(A) ^ Ci^"(9A) defined as 

{%,h){z) = 2Re{{d^ p){z,Uz))h{z)). 

has a bounded right inverse Bn : C^'"(9A) A^'"(A) with the norm \\B„\\ < Cn'^ 
and such that 

for every g G C^^"(9A). 

Proof. Let 5 G Ci'"((9A). We define 

where T : C^'"(9A) — > C^'"(9A) is the Hilb ert transform. From the estimates in 
the proof of the previous lemma and Lemma 4.4 we have 

lie-''" 111,. < C (||/„||? „ + 1) < Cn^\ lie-"" ||i,. < C (||/„||1„ + 1) < Cn"' 
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and 



where the fact that the Hilbert transform is bounded on C^'"(9A) was used. Then 



< C ||/„||i.„ |le-'^"||i,„ ||e^'ii,„ He-""!!!,,, blli,^. 

Hence H-BnffH < Cn^'+^ IIsIIi.q and similarly 

l|5;5lUi.= (A(o,,)) <Cn9'+'9""'ll5l|i,a. 

□ 

With the notation of the proof of Theorem we state and prove the following 
lemma. 

Lemma 4.10. The estimate 

||p(z,/i„(z))||i,„ < Cn^'g" 
holds for some universal finite constant C and every n £ N. 

Proof. Let ip{t) — p(z,thn{z) + (1 — t)/„(z)) be a mapping from the unit interval 
[0,1] into Ci^"(9A). Then 

p{z, hn{z)) = p{z, hn{z)) - p{z, fn{z)) = ^{l) - </3(0) = 

/ 2Re{{d^p){z,th^{z) + {l-t)f,,{z)){hn{z)~ fn{z)))dt. 
'0 Jo 

Hence 

\\p(z, h.a(z))\\i,a < / 2\\{dioP){z,thn{z) + (1 - i)/„ (z)) 1 1 l.a 1 1 /l„ - fn\\l.adt. 

Jo 

We observe that 

||/ln-/n||l.a <Cn'g" 



and from Lemma 4.4 

\\{d^p)iz,thr.{z) + (1 - t)/„(^))||l,a < C i\\tK, + (1 ~ t)fJl^ + 1) < 

<C(||/„||?.„ + ||/i„ + l)<Cn2'. 

Hence 

||p(z,/i„(z))|ii,„ <Cn3'g". 

□ 
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